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THE COMPUTATION OF THE CLASSES OF SOME TORI IN THE
GROTHENDIECK RING OF VARIETIES
KARL RÖKAEUS
Abstrat. In this paper we establish a formula for the lasses of ertain tori in the Grothendiek ring
of varieties K0(Vark). More expliitly, K0(Vark) has a natural struture of a λ-ring, and we will see
that if L∗ is the torus of invertible elements in the n-dimensional separable k-algebra L then [L∗] =P
n
i=0
(−1)iλi
`
[SpecL]
´
Ln−i, where L is the lass of the ane line. This formula is suggested by the
omputation of the ohomology of the torus. To prove it will require some rather expliit alulations
in K0(Vark). To be able to make these we introdue a homomorphism from the Burnside ring of the
absolute Galois group of k, to K0(Vark). In the proess we obtain some information about the struture
of the subring of K0(Vark) generated by zero-dimensional varieties.
1. Introdution
The Grothendiek ring of varieties over the eld k, K0(Vark), is the free abelian group on the objets
of the ategory of varieties, subjet to so alled sissor relations and with a multipliation given by the
produt of varieties. Sine the Euler harateristi with ompat support (taking values for instane in
a Grothendiek ring of mixed Hodge strutures or Galois representations) is additive, it fators through
K0(Vark). Looking at relations among suh Euler harateristis is a powerful heuristi method for
guessing relations in K0(Vark).
Our aim is to establish a formula for the lasses in K0(Vark) of ertain tori, that an be guessed at
in this manner. The ohomology of a torus an be expressed in terms of exterior powers of the rst
ohomology group. The latter in turn is essentially the oharater group of the torus. As K0(Vark)
is a λ-ring and as the Euler harateristi χc is a λ-homomorphism one an try to lift the ohomology
formulas to K0(Vark). There is a problem, however, in that in general one annot nd an element in
K0(Vark) that maps to the oharater representation under χc. However, when the torus is the group
L∗ of units in a separable k-algebra L, then [SpecL] maps to the oharater representation. We are thus
led to onjeture the formula
(1.1) [L∗] =
n∑
i=0
(−1)iλi
(
[SpecL]
)
Ln−i ∈ K0(Vark),
where n is the dimension of L. (The details of this heuristi argument is given in the beginning of Setion
4.) The main objetive of this artile is to prove (1.1).
The struture of the paper is as follows: In Setion 2 we give a review of some denitions and results
in order to x notation.
In Setion 3 we onstrut a λ-homomorphism Artk : B(G) → K0(Vark), where B(G) is the Burnside
ring of the absolute Galois group of k. The image of this map is ontained in the subring of K0(Vark)
generated by zero-dimensional shemes, whih we all the subring of Artin lasses and denote ArtClk.
This morphism immediately helps us answer some questions about the struture of ArtClk. For example,
when k is perfet with yli absolute Galois group we will see ArtClk is free on on the lasses of nite
separable eld extensions of k. Then in Setion 4 we use Artk to simplify some of the omputations by
moving them to B(G).
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In Setion 4 we show that [L∗] =
∑n
i=0 aiL
n−i ∈ K0(Vark), where ai ∈ ArtClk. We also give an
expliit formula for the ai in terms of elements in B(G). To derive this formula we embed L
∗
in L˜, the
ane spae assoiated to L, and use indution relative to the omplement of L∗.
In the paper [R

07a℄ we have, by purely ombinatorial methods, obtained a universal formula for the
λ-operations on the Burnside ring whih, together with the formula obtained in Setion 4, gives a proof
of (1.1).
Finally, Setion 5 gives a proof of (1.1) that avoids using the universal formula for λi. Instead it uses
one simpler result from [R

07a℄, together with point ounting over nite elds.
Aknowledgment. The author is grateful to Professor Torsten Ekedahl for valuable disussions and om-
ments on the manusript.
Thanks are also due to David Bourqui for omments on the previous version of this paper, in partiular
onerning Remark 4.3.
2. Review of some results
First a general remark. Many of the rings that we work with are onstruted as free abelian groups
on the objets of a ategory, subjet to some relations. When dening a map from suh a ring we often
just give its ation on an objet in the ategory. We then have to show that it respets the relations.
Also, when letting suh a map at on the lass of an objet we often leave out the brakets, e.g., if
f : K0(Vark)→ R and X is a sheme we write f(X) for f
(
[X ]
)
.
λ-rings. For an introdution, see for example the rst part of [AT69℄ or [Knu73℄. A λ-ring is a om-
mutative ring R together with a homomorphism λt from the additive group of R to the multipliative
group of R[[t]], taking x ∈ R to
∑
n≥0 λ
n(x)tn, where λ0(x) = 1 and λ1(x) = x. A morphism of λ-rings
R→ R′ is a ring homomorphism that ommutes with the λn. Informally, this denition ensures that the
λn behave like exterior powers. The arhetypal example is the representation ring of a nite group G. In
this ring, λn(V ) = [
∧n
V ], the nth exterior power of the vetor spae V with omponentwise G-ation.
Let σt be a λ-struture on R. The opposite struture of σt is dened impliitly by the relation
σt(x)λ−t(x) = 1 ∈ R[[t]]. On the representation ring the natural λ-struture an be obtained as the
opposite to the one oming from the symmetri powers.
Representation rings. We use Rk(G) to denote the ring of k-representations of G, whereG is a pronite
group. We require suh a representation to be nite and ontinuous with respet to the pronite topology
on G and the disrete topology on k.
When k has some natural topology we an use the same onstrution but with respet to this topology
instead. We all the ring thus obtained the Grothendiek ring of k-representations of G, and denote it
K0(k − G). We have an injetion Rk(G) → K0(k − G), but this is not an isomorphism in general. For
example, the ylotomi representation is often not disrete.
As abelian groups, both these rings are free on isomorphism lasses of irreduible representations.
They are naturally λ-rings, the struture being given by exterior powers. A map H → G gives rise to an
indution and a restrition map between the orresponding representation rings, whih we denote indGH
and resGH respetively. Finally, for g ∈ G, we use Cg to denote the harater homomorphism from any
representation ring of G, i.e., the map given by V 7→ χV (g). Together they an be used to distinguish
elements in the representation ring;
∏
g∈G Cg is injetive.
The Grothendiek ring of varieties. For an introdution, see [Loo02℄ and the referenes given there.
Let Vark be the ategory of varieties over the eld k. Then K0(Vark) is the free abelian group generated
by symbols [X ] for X ∈ Vark, subjet to the relations that [X ] = [Y ] if X ≃ Y , [X ] = [X \ Y ] + [Y ]
if Y is a losed subsheme of X , and with a multipliation given by [X ] · [Y ] := [X ×k Y ]. The seond
relation is usually referred to as the sissor relation.
1
By the lass of the k-sheme X we mean its image
1
With respet to the denition of K0(Vark), the important haraterization of a variety is that it is of nite type over
the base eld; if not we end up with the zero ring. If we also inlude in the denition of a variety that it be redued, we get a
anonially isomorphi ring, for every sheme X has a losed subsheme Xred that is redued and with empty omplement,
hene [X] = [Xred]. In the same way one an add the onditions that a variety be separated and irreduible and still get
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[X ] ∈ K0(Vark). The lass of the ane line is alled the Lefshetz lass and denoted by L. For a quik
example of how the relations work, onsider the multipliative group Gm. It an be embedded in the
ane line and its omplement is then Spec k. Hene [Gm] = L− 1 ∈ K0(Vark).
The Euler harateristi gives a map to the Grothendiek ring of Ql-representations of the absolute
Galois group of k,
χc : K0(Vark)→ K0(Ql − G),
suh that χc(X) =
∑
(−1)i[Hic(Xk,Ql)]. (Here l is a prime dierent from the harateristi of k.) We
will use χc to study K0(Vark), for example, its existene immediately shows that Z ⊂ K0(Vark).
Dene a λ-struture K0(Vark) as the opposite struture of {σ
n}, where σn(X) = [Xn/Σn]. In [LL04℄ it
is mentioned that this seems to be the natural λ-struture on K0(Vark), sine σ
n
behaves like a symmetri
power map. Hene the Euler harateristi χc is a λ-homomorphism.
Let K be a eld extension of k. We write RKk : K0(VarK) → K0(Vark) for the map dened by
restriting salars from K to k, i.e., RKk is dened by the map VarK → K0(Vark) that take the K-
sheme X to the lass of X , viewed as a k-sheme. RKk is additive but not multipliative. Also, dene
EKk : K0(Vark) → K0(VarK) by mapping the k-sheme X to the lass of X ×k SpecK, viewed as a
K-sheme. This is a ring homomorphism.
The fat that RKk fails to be multipliative is beause it does not preserve the multipliative identity
element, instead RKk (1) = [SpecK] ∈ K0(Vark). Rather than being multipliative, R
K
k has a similar
property: If X is k-sheme and Z is aK-sheme then, from the universal property dening bre produts,
Z×K (SpecK×kX) ≃ Z×kX as k-shemes. It follows that if we apply the restrition map to [Z] · [XK ] ∈
K0(VarK) we get [Z] · [X ] ∈ K0(Vark), i.e., for x ∈ K0(Vark) and z ∈ K0(VarK) we have the projetion
formula
RKk
(
z · EKk (x)
)
= RKk (z) · x.
We will use the speial ase when X = Ank and Z = SpecL, where L is a nite-dimensional K-algebra.
(2.1) RKk ([SpecL] · L
n) = [SpecL] · Ln ∈ K0(Vark).
In partiular, RKk (L
n) = [SpecK] · Ln.
Burnside rings. For an introdution to Burnside rings, as well as proofs of the statements below, see
[Knu73℄ hapter II, 4.
If G is a pronite group then G−Sets is the ategory with objets nite sets with ontinuous G-ations
(with respet to the inverse limit topology on G) and morphisms G-equivariant maps of suh sets. We
will denote the set of morphisms between the G-sets S and T by HomG(S, T ). The Burnside ring of G,
B(G), is onstruted from this ategory as the free abelian group generated by the symbols [S], for every
ontinuous G-set S, subjet to the relations that [S

∪ T ] = [S] + [T ], that [S] = [T ] if S ≃ T , and with a
multipliation given by [S] · [T ] := [S × T ], where G ats diagonally on S × T .
Sine every G-set an be written as a disjoint union of transitive G-sets we see that the transitive sets
generate B(G), and in fat it is free on the isomorphism lasses of these. Moreover, every nite transitive
G-set is isomorphi to G/H where H is a subgroup, and G/H ≃ G/H ′ if and only if H and H ′ are
onjugate subgroups. So every element of B(G) an be written uniquely as
∑
H∈R aH [G/H ], where R is
a system of representatives of the set of onjugay lasses of subgroups of G and where aH ∈ Z for every
H .
We give a λ-struture λt on B(G), by rst dening σt : B(G) → B(G)[[t]] by the map that takes the
G-set S to the power series
∑
n≥0[S
n/Σn]t
n ∈ B(G)[[t]], where Σn ats on S
n
by permuting the entries.
We then dene λt as the struture opposite to σt. It is non-speial, but should still be onsidered to be
the natural λ-struture on B(G).
We have a map to the rational representation ring, h: B(G)→ RQ(G), whih is dened by assoiating
to the G-set S the lass of the permutation representation Q[S]. This is a homomorphism of λ-rings,
whih is one of the reasons why we onsider our λ-struture on B(G) to be the right one. It has the
property that if S and S′ are two non-isomorphi transitive G-sets then h(S) 6= h(S′). However, sine
an isomorphi ring. However, the ondition that a variety be geometrially redued probably gives a slightly smaller ring
when k is non-perfet.
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B(G) has rank equal to the number of onjugay lasses of subgroups of G whereas RQ(G) has rank equal
to the number of onjugay lasses of yli subgroups of G, h annot be injetive unless G is yli.
Conversely, if G is yli then h is an isomorphism. (In this paper, when we say that a pronite group
is yli we mean topologially, i.e, it has a dense yli subgroup.) These fats are proved for example
by using the harater maps Cg for g ∈ G. (Usually for nite groups, but sine taking the inverse limit
of groups orresponds to taking the diret limit of the orresponding Burnside and representation rings,
they follow immediately for any pronite group.)
Next, let φ : H → G be a group homomorphism. We assoiate to it two maps, restrition and in-
dution, between the orresponding Burnside rings in the same way as for representation rings: Firstly,
resGH : B(G) → B(H) is the map indued by restriting the G-ation on a G-set S to a H-ation, i.e., S
is onsidered as a H-set via h · s := φ(h)s for h ∈ H and s ∈ S. This map is a ring homomorphism.
Seondly, if instead S is a H-set then we an assoiate to it the G-set G ×H S, i.e., the quotient of
G × S by the equivalene relation (g · φ(h), s) ∼ (g, hs) for (g, s) ∈ G × S and h ∈ H , with a G-ation
given by g′ ·(g, s) := (g′g, s). This gives rise to the indution map indGH : B(H)→ B(G), whih is additive
but not multipliative. We will only use the indution map in the ase when H is a subgroup of G. In
this ase, note that if we hoose a set of oset representatives of G/H , R = {g1, . . . , gr}, then we an
represent G×H S as R× S with G-ation given by g · (gi, s) = (gj , hs), where ggi = gjh for h ∈ H .
The map h: B(G) → RQ(G) ommutes with the restrition maps, and also with the indution maps
if H is a subgroup of G.
We onlude this subsetion by giving an example of a Galois group G of a nite extension of Q suh
that hG : B(G) → RQ(G) is not surjetive. (This will be used in Remark 4.3, to nd tori for whih our
main theorem do not hold.) For this we use an example of Serre of a nite group having this property,
together with the following lemma:
Lemma 2.2. Let N be a normal subgroup of the nite group G, and let H := G/N . If x ∈ RQ(H)
is not ontained in the image of hH : B(H) → RQ(H), then res
H
G x is not ontained in the image of
hG : B(G)→ RQ(G). In partiular, if hG is surjetive, then so is hH .
Proof. Dene a map RQ(G) → RQ(H) by V 7→ [V
N ], where V N is the elements of the G-representation
V invariant under N . The orresponding map B(G) → B(H) is dened by S 7→ [S/N ], and one proves
that the following diagram is ommutative:
B(H)
resHG
//
h

B(G) //
h

B(H)
h

RQ(H)
resHG
// RQ(G) // RQ(H)
Sine both the horizontal ompositions equal the identity, the result follows by diagram hasing. 
Example 2.3. There exists a nite extension k of Q, with absolute Galois group G, suh that hG : B(G)→
RQ(G) is not surjetive. For by Exerise 13.4, page 105 of [Ser77℄, there is a nite group H suh that
hH : B(H) → RQ(H) is not surjetive. (More preisely, the example in [Ser77℄ shows that this holds for
the produt of the quaternion group with the yli group of order 3.) Now hoose a nite eld extension
k of Q suh that there exists a nite extension K/k with the property that Gal(K/k) = H. Choose
x ∈ RQ(H) that is not ontained in the image of hH . If hG is surjetive, then there is a nite quotient
G of G, having H as a quotient, suh that resHG x is in the image of hG. By the preeding lemma, this is
impossible.
Galois theory. To be able to make expliit omputations in K0(Vark) we use Grothendiek's formulation
of Galois theory. We use the following notation. Let k be a eld and let k be a separable losure of k.
Let G := Gal(k/k), the absolute Galois group. Then the ategory of separable k − G-algebras is dened
to be the ategory whose objets are separable k-algebras L together with G-ations on the underlying
rings suh that k → L is G-equivariant, and whose morphisms are G-equivariant maps of k-algebras.
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We then have an equivalene between the ategory of k-algebras and the ategory of k − G-algebras.
This equivalene takes the k-algebra L to L ⊗k k with G-ation σ(l ⊗ α) := l ⊗ σ(α). Its pseudo-inverse
takes the k − G-algebra U to UG .
If the k-algebra L is nite and separable, then the orresponding k − G algebra is isomorphi to k
S
where S is nite. The G-ation on this must be the ation on k together with a permutation of the
oordinates, i.e., a G-ation on S. Hene as a orollary we have a ontravariant equivalene between
the ategory of nite separable k-algebras and the ategory of nite ontinuous G-sets. This equivalene
takes the k-algebra L to Homk(L, k) with G-ation given by f
σ(l) := σ ◦f(l). Its pseudo-inverse takes the
G-set S to HomG(S, k), i.e., the G-equivariant maps of sets from S to k, onsidered as a ring by pointwise
addition and multipliation and with a k-algebra struture given by (α · f)(s) := α · f(s).
Under this orrespondene, if L orresponds to S then the dimension of L equals the number of
elements in S. Moreover, if also L′ orresponds to S′, then L⊗k L
′
orresponds to S × S′ with diagonal
G-ation and the algebra L × L′ orresponds to S

∪S′. In partiular, separable eld extensions of k
orrespond to transitive G-sets.
3. The subring of Artin lasses in K0(Vark)
In this setion we dene a map from the Burnside ring of the absolute Galois group of k to K0(Vark).
This map will be used in the omputation of the lass of L∗, but it also gives some information about
the struture of K0(Vark).
Denition 3.1. Let ArtClk, the ring of Artin lasses, be the subring of K0(Vark) generated by zero-
dimensional shemes.
As an abelian group ArtClk is generated by {[SpecK]}, where K runs over the isomorphism lasses
of nite eld extensions of k. When the harateristi of k is zero there is a struture theory for
K0(Vark) given in [LL03℄, whih asserts that the lasses of stable birational equivalene form a Z-basis of
K0(Vark)/(L). Using this, one shows that ArtClk is free on {[SpecK]}. That ArtClk is free on this set
is also true when k = Fq as is shown in [Nau07℄, Theorem 25, using the point ounting homomorphisms
Cqn , where, for any prime-power q, Cq : K0(VarFq )→ Z is given by X 7→ |X(Fq)|.
There is also a question about zero divisors. In [Poo02℄ it is shown that when char k = 0, K0(Vark)
ontains zero divisors. To show that these really are nonzero requires the struture theory of [LL03℄.
[Nau07℄ observes that if K is a nite Galois extension of degree n then [SpecK]2 = n · [SpecK] so
[SpecK] ∈ ArtClk is a zero divisor if it is not equal to 0 or n, and that this is the ase when k = Fq.
Let k be a eld with absolute Galois group G. In this setion we use Galois theory to dene a λ-
homomorphism from B(G) to K0(Vark), whose image is ontained in ArtClk. The main purpose of doing
this is that it aids the omputations in K0(Vark). Also it allows us to give a slightly generalization of the
above mentioned results of [Nau07℄.
Denition 3.2. Let Artk : B(G)→ K0(Vark) be the λ-homomorphism dened by assoiating, to the G-set
S, the lass of its image under the fully faithful, ovariant Galois funtor to Vark.
Sine open disjoint union is a speial ase of the relations in K0(Vark) this is well dened. Moreover it is
multipliative sine the multipliations in both rings ome from the produt in the respetive ategories.
Finally, to see that it ommutes with the λ-strutures, note that it sues to hek this on the opposite
strutures, and σn is dened by the same universal property in both rings (namely the nth symmetri
power) so this is lear.
Sine B(G) is free on isomorphism lasses of transitive G-sets, and Artk maps these to isomorphism
lasses of separable eld extensions of k, it follows that ImArtk is free on {[SpecK]} if and only if Artk
is injetive. If k is perfet, ImArtk = ArtClk, hene the same holds for ArtClk in this ase.
Reall that we use h to denote the natural λ-homomorphism B(G)→ RQ(G). We use i for the injetion
RQ(G)→ K0(Ql − G). If S is a G-set and L the orresponding separable k-algebra then the ohomology
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of SpecL is Ql[S], hene we have the following ommutative diagram of λ-rings:
(3.3) B(G)
Artk
//
h

K0(Vark)
χc

RQ(G)
i
// K0(Ql − G)
In partiular, when k = Fq and F ∈ G is the Frobenius automorphism, if S is a G-set orresponding to
the variety X then CF ◦χc(X) = |S
F| and also |X(Fq)| = |HomFq(SpecFq, X)| = |HomG({•}, S)| = |S
F|,
onsequently
Cq = CF ◦ χc on ImArtFq ,(3.4)
showing that the harater maps generalize point ounting, a fat that we will use in Setion 5.
As a rst appliation of the ommutativity of (3.3) we note that if L and L′ are two non-isomorphi
separable eld extensions of k, i.e., they orrespond to two non-isomorphi transitive G-sets S and S′,
then [SpecL] 6= [SpecL′] and [SpecL] /∈ Z. For it sues to show that this is not the ase for their images
under χc, i.e., that h(S) 6= h(S
′) and that h(S) /∈ Z, and this is a known property of h. In partiular:
Proposition 3.5. For any eld k, the isomorphism lasses of nite Galois extensions determine distint
zero divisors in K0(Vark).
This type of argument annot be used to prove that ImArtk is free on {[SpecK]}, sine in general
there are non-isomorphi G-sets S and S′ suh that h(S) = h(S′). The exeption is when G is yli, for
then h is an isomorphism. We state this as a proposition.
Proposition 3.6. If the absolute Galois group of k is yli then Artk is injetive.
As a orollary we get a result from [Nau07℄, that ArtClFq is free on {[SpecK]}.
To summarize: We have a good understanding of the struture of ArtClk when chark = 0, and also
when k is perfet with yli Galois group.
The behavior of Artk with respet to restrition of salars. We next study how Artk behaves
with respet to restrition of salars. The following proposition is due to Grothendiek but we have not
been able to nd a referene so we inlude a proof for ompleteness.
Proposition 3.7. Fix a eld k together with a separable losure k and let G := Gal(k/k). Let K be a nite
eld extension of k suh that K ⊂ k. Let L be a nite separable K-algebra and let S be the orresponding
Gal(k/K)-set. View L as a k-algebra and let S′ be the orresponding G-set. Then S′ ≃ G ×Gal(k/K)S.
Hene the following diagram is ommutative.
B
(
Gal(k/K)
)ArtK
//
indG
Gal(k/K)

K0(VarK)
RKk

B(G)
Artk
// K0(Vark)
Proof. Dene a map φ : G ×S → S′ by (σ, f) 7→ σf . It has the property that if τ ∈ Gal(k/K) then
φ(στ, f) = στf = φ(σ, τf). Hene it gives rise to a map of G-sets ϕ : G ×Gal(k/K)S → S
′
. If φ(σ, f) =
φ(τ, g) then τ−1σf = g so sine f and g xes K pointwise we must have that τ−1σ ∈ Gal(k/K). It follows
that (τ, g) = (τ, τ−1σf) ∼ (ττ−1σ, f) = (σ, f) so ϕ is injetive. It is also surjetive, for let d := [K : k]
and suppose that L has dimension n as a K-algebra, i.e., S has n elements. Then L has dimension nd as
a k-algebra so S′ has nd elements. On the other hand, by Galois theory, |G /Gal(k/K)| = [K : k] = d.
Hene G ×Gal(k/K)S also has nd elements. Sine ϕ is injetive it follows that it also is surjetive, hene
an isomorphism of G-sets. 
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4. The lass of a torus in K0(Vark)
Given a eld k and a separable k-algebra L of dimension n we dene the ane group sheme L∗ by
letting L∗(R) = (L⊗k R)
×
for every k-algebra R. This is a torus, beause if k is a separable losure of k
and R is a k-algebra then, sine L⊗k k = k
n
, we have
L∗
k
(R) = L∗(R) =
(
(L⊗k k)⊗k R
)×
= (Rn)× = Gnm(R)
as k-algebras, and onsequently (L∗)k ≃ G
n
m. We all L
∗
the torus of invertible elements in L. Note that
if L = kn then L∗ = Gnm, hene [L
∗] = (L− 1)n ∈ K0(Vark).
As mentioned in the introdution, if T is a torus of dimension n and N is its oharater group tensored
with Ql then
(4.1) χc(T ) =
n∑
i=0
(−1)iλi(N)ℓn−i ∈ K0(Ql − G),
where ℓ := [Ql(−1)], the lass of the ylotomi representation. If T = L∗, where L orresponds to the
G-set S, then [N ] = [Ql[S]] = χc(SpecL). Together with the fat that χc(L) = ℓ, this suggests formula
(1.1).
The objetive of this hapter is to ompute, for an arbitrary separable k-algebra L, the lass of L∗
in K0(Vark) in terms of the Lefshetz lass L and Artin lasses. More preisely, we will show that there
exist elements a1, . . . , an ∈ ArtClk ⊂ K0(Vark) suh that
(4.2) [L∗] = Ln + a1L
n−1 + a2L
n−2 + · · ·+ an ∈ K0(Vark).
In Theorem 4.22 we then derive a universal formula for the ai whih, together with the result from [R07a℄,
proves (1.1).
Before we begin, let us mention that (4.2) does not hold for an arbitrary torus:
Remark 4.3. There are elds k and tori T suh that [T ] /∈ ArtClk[L]. To show this we need the
following lemma: Identify RQl(G) with its image in K0(Ql − G) and assume that |Imχcycl| = ∞. If∑
biℓ
i = 0, where bi ∈ RQl(G), then bi = 0. This is proved using the harater maps Cg, g ∈ G, for we
have that
∣∣{Cg(ℓ)}g∈G∣∣ = ∞ whereas ∣∣{Cg(bi)}g∈G∣∣ < ∞ for every i. Suppose now that k is suh that
|Imχcycl| =∞ and that [T ] ∈ ArtClk[L], where T is a torus of dimension n. Then, sine χc(L) = ℓ, we
have χc(T ) =
∑n
i=−m biℓ
n−i
, where m is an integer and bi is in B, the image of B(G) in K0(Ql − G).
Hene, by (4.1),
∑n
i=0(−1)
iλi(N)ℓn−i =
∑n
i=−m biℓ
n−i. Consequently, sine λi(N) ∈ RQ(G) ⊂ RQl(G)
and bi ∈ B ⊂ RQl(G), the lemma shows that bi = (−1)
iλi(N). In partiular, [N ] = λ1(N) = −bi ∈ B.
But not all tori has this property. To see that, note that every Q-representation of G, V , omes from
the oharater group of a torus, namely the free Z-module 〈gei〉g∈G ⊂ V , where {ei} is a basis for V .
(Here it is important that the representation is disrete, otherwise this group an have innite rank.)
So every representation [N ] ∈ RQ(G) orresponds to a torus T , and if [N ] is not ontained in B, then
[T ] 6∈ ArtClk[L]. By Example 2.3, there is a nite extension of Q, k, suh that the inlusion B ⊂ RQ(G)
is proper. Sine k is nitely generated, the image of the ylotomi harater is innite, hene it follows
that there are tori T suh that [T ] /∈ ArtClk[L].
Remark 4.4. The following was pointed out to us by David Bourqui: If L is a separable k-algebra of
dimension n, and S the orresponding G-set, then the exat sequene of G-modules 0 → Z → Z[S] →
M → 0 splits over Q, hene [M ⊗Z Ql] = [Ql[S]] − 1 = χc([SpecL] − 1). So if L∗,1 is the torus with
oharater group equal to M , i.e., L∗,1 = L∗/Gm, then the above heuristi suggests that
(4.5) [L∗,1] =
n−1∑
i=0
(−1)iλi
(
[SpecL]− 1
)
Ln−1−i,
whih also would follow from (1.1) if we knew that L− 1 was not a zero-divisor, beause [L∗,1] · (L− 1) =
[L∗]. That (4.5) atually does hold an be proved by embedding L∗,1 in the projetive spae assoiated to
L, and then use the exat same method as we will use to prove (1.1).
We also mention one ase when the above heuristi probably gives the wrong formula, namely let T
be the torus of elements in L of norm 1. If M is the oharater group of T , then the exat sequene
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0→M → Z[S]→ Z→ 0 splits over Q, hene by the above argument, [T ] would satisfy the same formula
as [L∗,1]. Looking at the top dimensional term of the formula suggests that T should be rational, however,
by [Che54℄ page 322, there are eld extensions L/k suh that T is not rational.
Denitions. We begin by giving a denition of L∗ for any free algebra of nite rank: Let K be a
ommutative ring and let L be a free K-algebra of rank n. Let L˜/K, or just L˜, be L onsidered as an
ane spae, i.e., the R-points on L˜ is L ⊗K R. We have L˜ = Spec S(L
∨). Note in partiular that K˜ is
the ring sheme with additive group Ga and multipliative group Gm. Also, if we hoose a K-basis for L
we get an isomorphism S(L∨) ≃ K[X1, . . . , Xn], where n is the rank of L. Hene L˜ ≃ AnK as shemes.
We next give the general denition of the K-sheme (L/K)∗, whih we write as L∗ when K is lear
from the ontext. Dene L∗ ⊂ L˜ as the subfuntor given by L∗(R) = (L⊗K R)
×
. To see that this is an
ane group sheme, note that it is the inverse image of K∗ under the norm map N˜L/K : L˜→ K˜. (Here,
N˜L/K is dened on R-points as NL⊗KR/R.)
We now turn to the problem of omputing [(L/k)∗] when k is a eld and L is separable. The ob-
vious approah would be to ompute an expliit equation dening L∗ and the use the sissor rela-
tions. More preisely, hoose a basis of L over k. This identies L˜ with Spec k[X1, . . . , Xn] and k˜ with
Spec k[X ]. Then N˜L/k orresponds to a homomorphism of k-algebras k[X ] → k[X1, . . . , Xn] sending
X to the polynomial f(X1, . . . , Xn). Therefore, N˜
−1
L/K(Gm) = Spec k[X, 1/X ] ⊗k[X] k[X1, . . . , Xn] =
Spec k[X1, . . . , Xn, 1/f(X1, . . . , Xn)]. When n = 2 this an be used to ompute [L
∗] using the sissor
relations as the following example shows.
Example 4.6. Let L be a separable extension eld of k of degree 2. We an represent L as k[T ]/
(
f(T )
)
where f(T ) = T 2 + αT + β is irreduible, in partiular β 6= 0. If char k 6= 2 we assume that α = 0.
With this notation we have L˜(R) = R[T ]/
(
f(T )
)
for every k-algebra R. A basis for the R-algebra L˜(R)
is {1, t} where t is the lass of T modulo f(T ). If r1, r2 ∈ R then NeL(R)/R(r1 + r2t) = r
2
1 − r1r2α+ r
2
2β.
So if we identify L˜ with Spec k[X1, X2] then
L∗ = D
(
X21 − αX1X2 + βX
2
2
)
⊂ L˜.
We now have an expliit equation desribing L∗. To ompute [L∗] we rst ompute its omplement in L˜,
whih is Spec k[X1, X2]/(X
2
1 −αX1X2+βX
2
2 ) ⊂ L˜. This an be split into two parts, the losed subsheme
Spec k[X1]/(X
2
1 ), whih maps to 1 in K0(Vark), and its omplement
Spec
k[X1, X2, 1/X2](
X21 − αX1X2 + βX
2
2
) ≃ Spec k[Y1, Y2, 1/Y2](
Y 21 − αY1 + β
) .
Now if chark 6= 2 then α = 0 so Y 21 −αY1+β = f(Y1) and this is also true if char k = 2 for then −α = α.
Hene the above expression equals Spec k[Y2, 1/Y2]×kSpecL, and this maps to (L−1)·[SpecL] ∈ K0(Vark).
Putting this together gives [L∗] = L2 − [SpecL] · L+ [SpecL]− 1 ∈ K0(Vark).
This method does not work when L is a eld of degree greater than 2, the utting and pasting then
beomes to ompliated. The rest of this setion is devoted to giving a systemati way of omputing [L∗].
Redution to ase of lower dimension. We now desribe a method whih makes it possible to
reursively ompute [L∗] as an element of ArtClk[L]. This will be done in the following way. We rst
desribe subshemes of L˜, denoted L1, . . . , Ln, suh that [L
∗] = Ln −
∑n
i=1[Li]. We are then redued to
ompute [Li] for every i. To do that we nd a subsheme Ti of Li and a Ti-algebra L
′
i of rank n − i.
More preisely, Ti is the spetrum of a nite produt of elds
∏
Kv, where L
′
i equals Lv on Kv, We then
show that Li ≃ (L
′
i/Ti)
∗
as k-shemes. In Lemma 4.7 we will show that (L′i/Ti)
∗ ≃

∪(Lv/Kv)
∗
and we
are then in the situation we started with, only that the algebras have dimension less than n, for having
omputed [(Lv/Kv)
∗] ∈ K0(VarKv ) we an nd [(Lv/Kv)
∗] ∈ K0(Vark) with the help of the projetion
formula.
To do this we will need the following lemma.
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Lemma 4.7. Let K =
∏
v∈I Kv where the Kv are elds and I is nite. Let L be a free K-algebra of
rank n, i.e., L =
∏
v∈I Lv where, Lv is a Kv-algebra of dimension n. Then L˜/K ≃

∪v L˜v/Kv and
(L/K)∗ ≃

∪v(Lv/Kv)
∗
as K-shemes.
Proof. The rst part follows sine S(L∨) ≃
∏
v∈I S(L
∨
v ) as K-algebras. To prove that (L/K)
∗ ≃

∪(Lv/Kv)
∗
as K-shemes we prove that their funtors of points are equal. Let R be a K-algebra, i.e.,
R =
∏
v Rv where Rv is a Kv-algebra, possibly equal to zero. An R-point on

∪(Lv/Kv)
∗
is a morphism
f :

∪v SpecRv →

∪(Lv/Kv)
∗
that ommutes with the strutural morphisms to

∪v SpecKv. Sine the
image of SpecRv under the strutural morphism is ontained in SpecKv we must have f(SpecRv) ⊂ L
∗
v.
Therefore f is determined by a set of morphisms {fv : SpecRv → L
∗
v}v∈I where fi is a morphism of
Kv-shemes. Hene we an identify f with an element in
∏
L∗v(Rv). The same is true for an R-point on
L∗ for
L∗(R) =
((∏
Lv
)
⊗QKv
(∏
Rv
))×
≃
∏
(Lv ⊗Kv Rv)
× =
∏
L∗v(Rv).
So by Yoneda's lemma, L∗ ≃

∪L∗v. (This method ould also have been used to prove the rst part of the
lemma, but there we knew the algebra representing L˜ and that gave a shorter proof.) 
We will now give the denitions of Li, Ti and L
′
i. There are two ways of doing this. The rst is to
onstrut them expliitly in muh the same way as we onstruted L∗ with the help of the norm map.
The seond is to just onstrut their images after salar extension, as subshemes of (L˜)k, and then use
Galois desent as desribed in Setion 2. The rst method requires more work but has the advantage
that it works also when the base is not a eld. It is arried out in [R

07b℄. In this paper we will use the
seond method:
Let L be the separable k-algebra and let S be the orresponding G-set i.e., the orresponding k − G-
algebra is k
S
. Sine, for every k-algebra R,
L˜k(R) = (L ⊗k k)⊗k R = k
S
⊗k R = (k ⊗k R)
S = RS = AS
k
(R),
it follows that the k-sheme L˜ orresponds to the k−G-sheme AS
k
, i.e., Spec k[X ]s∈S where G ats on the
salars and by permuting the indeterminates. In the same way we see that the k-sheme L∗ orresponds
to the k− G-sheme GSm. (This also gives an alternative onstrution of L
∗
when the base is a eld, it is
the k-sheme orresponding to the k − G-sheme GSm ⊂ A
S
k
.)
We next dene Li ⊂ L˜, where i ∈ {0, . . . , n}. For this, let Pi(S) be the G-set of subsets of S of
ardinality i. We then dene Li to be the k-sheme orresponding to the k − G-sheme⋃
T∈Pi(S)
GS\Tm ⊂ A
S
k
,
where GS\Tm (R) is the group of n-tuples (rs)s∈S ∈ AS(R) suh that rs = 0 if s ∈ T and rs ∈ R× if rs /∈ T .
Sine
GS\Tm = V
(
{Xs}s∈T
)
\V
(
{Xs}s/∈T
)
⊂ Spec k[Xs]s∈S = A
S
k
we see that
⋃
T∈Pi(S)
GS\Tm is loally losed and that their union over all i over ASk . It hene follows that
the Li are loally losed and that they over L˜. Noting that L0 = L
∗
, we see that [L∗] = Ln−
∑n
i=1[Li] ∈
K0(Vark).
Now onsider V({Xt − 1}t/∈T ) ⊂ G
S\T
m . This subsheme is isomorphi to Spec k. Taking the union
over every T ∈ Pi(S) we get an k − G-subsheme
(4.8) Spec k
Pi(S)
⊂
⋃
T∈Pi(S)
GS\Tm .
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We denote the orresponding k-sheme with Ti. Moreover, the fat that (Ti)k = Spec k
Pi(S)
shows (in
fat is equivalent to) that Ti is the spetrum of a separable algebra. Hene Ti orresponds to the G-set
Pi(S) and it is a produt of separable eld extensions of k.
Next use the algebras k → k
S\T
for T ∈ Pi(S) to dene a k
Pi(S)
-algebra∏
T∈Pi(S)
k
S\T
of rank
∣∣S \ T ∣∣ = n− i in the ategory of k − G-algebras. Denote the orresponding Ti-algebra with L′i,
whih is then also of rank n − i. We note that the map Ti → L
′
i orresponds the projetion {(s, T ) ∈
S × Pi(S) : s /∈ T } → Pi(S) in the ategory of G-sets.
Now by Proposition 4.7, ( ∏
T∈Pi(S)
k
S\T
/
k
Pi(S)
)∗
=
⋃
T∈Pi(S)
(
k
S\T
/k
)∗
and sine this is isomorphi to
⋃
T∈Pi(S)
GS\Tm it follows that the orresponding k-shemes are isomorphi,
i.e., (L′i/Ti)
∗ ≃ Li.
Sine Ti is a nite produt of separable extensions of k,
∏
Kv, we must have L
′
i =
∏
Lv where Lv is a
Kv-algebra of dimension n−i (sine the rank of L
′
i/Ti is n−i). Hene we see that (L
′
i/Ti)
∗ =
⋃
(Lv/Kv)
∗
.
By indution then, we may ompute [(Lv/Kv)
∗] ∈ K0(VarKv ) for eah v and then us the projetion formula
(2.1) to ompute [(Li/Ti)
∗] and hene [L∗] ∈ K0(Vark).
We illustrate with an example.
Example 4.9. Let k = Fq and L = Fq3 . We then have
(4.10) [L∗] = L3 − [L1]− [L2]− 1 ∈ K0(Vark).
Let G := Gal(k/k) and let F be the topologial generator of G, the Frobenius automorphism α 7→ αq. Then
L orresponds to the G-set S := Homk(L, k) = {1,F,F
2}, where we have identied F with its restrition
to L.
We have P1(S) = {{1}, {F}, {F
2}} ≃ S. Therefore T1 ≃ SpecL. Moreover, L
′
1 orresponds to{
(1, {F}), (1, {F2}), (F, {1}), (F, {F2}), (F2, {1}), (F2, {F})
}
and this is the union of two sets on whih G ats transitive, hene it is isomorphi to S

∪S as a G-set.
So L′1 ≃ L
2
. Therefore [(L′1/T1)
∗] = (L − 1)2 ∈ K0(VarL) and hene by (2.1)
[L1] = R
L
k
(
(L− 1)2
)
= [SpecL] · (L− 1)2 ∈ K0(Vark)
In the same way we nd that [L2] = [SpecL] · (L− 1) ∈ K0(Vark) Putting this into (4.10) gives that
[L∗] = L3 − [SpecL] · L2 + [SpecL] · L− 1 ∈ K0(Vark).
An expliit formula. We have now showed how to ompute [L∗] in priniple. Evolving what we already
have proved will give us an expliit formula.
To get more ompat formulas we use the following notation. In the last setion we worked with a
xed algebra L/k and dened Li, Ti and L
′
i with respet to this algebra. To translate the reursion into
a losed formula we need to repeat this onstrutions. Hene we x one and for all our base eld, k. Let
K be a nite extension eld of k and let L be a separableK-algebra. We then use Li(L/K), Ti(L/K) and
L′i(L/K) to denote Li, Ti and L
′
i onstruted with respet to the algebra L/K. We have that Li(L/K)
and Ti(L/K) are K-shemes whih we also an view as k-shemes by restrition of salars. Similarly,
L′i(L/K) is a Ti(L/K)-algebra whih we also may view as a k-algebra.
We next wants to generalize these denitions to the ase when K is a nite separable k-algebra. Reall
that this is already done for (L/K)∗. However, sine the denitions of Li, Ti and L
′
i use Galois deent
their onstrutions annot be generalized diretly. We instead do the following.
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Denition 4.11. Let K be a nite separable k-algebra and L a nite separable K-algebra, so K =
∏
vKv
where Kv are separable extension elds of k and L =
∏
v Lv where Lv is a separable Kv-algebra. Dene
Li(L/K) :=

∪v Li(Lv/Kv).
Furthermore, dene
Ti(L/K) :=

∪v Ti(Lv/Kv)
and dene L′i(L/K) to be the Ti(L/K)-algebra whih is L
′
i(Lv/Kv) on Ti(Lv/Kv).
As in this denition, let K be a nite separable k-algebra and L a nite separable K-algebra of rank
n, so K =
∏
vKv where Kv are separable extension elds of k and L =
∏
v Lv where Lv is a separable
Kv-algebra of dimension n as a vetor spae over Kv. Using Denition 4.11, Proposition 4.7 and the
stratiation of L˜ over a eld given in the preeding setion gives the following:
Lemma 4.12. We have that
L˜/K = (L/K)∗ ∪
n−1⋃
i=1
Li(L/K) ∪ SpecK
where the union is disjoint and open. Hene,
[(L/K)∗] = [SpecK] · Ln −
n−1∑
i=1
[Li(L/K)]− [SpecK] ∈ K0(Vark).
From the preeding setion we know that L′(Lv/Kv)/Ti(Lv/Kv) has rank n− i and that Li(Lv/Kv) ≃(
L′i(Lv/Kv)/Ti(Lv/Kv)
)∗
. Taking the union over every v and using Proposition 4.7 we get the following.
Lemma 4.13. The algebra L′i(L/K)/Ti(L/K) has rank n− i, and
Li(L/K) ≃
(
L′i(L/K)/Ti(L/K)
)∗
as k-shemes.
For the rest of this setion, we x a eld k and a separable k-algebra L of dimension n. Notation:
Given a sequene of positive integers i1, . . . , iq. Construt the algebra L
′
i1
/Ti1 = L
′
i1
(L/k)/Ti1(L/k).
Dene the algebra L′i2,i1/Ti2,i1 as L
′
i2(L
′
i1/Ti1)/Ti2(L
′
i1/Ti1) and dene indutively L
′
ir+1,...,i1/Tir+1,...,i1
as
L′ir+1(L
′
ir ,...,i1/Tir,...,i1)/Tir+1(L
′
ir,...,i1/Tir,...,i1).
Indutively we get that the rank of L′ir ,...,i1/Tir,...,i1 is n − (i1 + · · · + ir). Hene, as a orollary to the
preeding lemmas we get the following.
Lemma 4.14. Let α = (ir, . . . , i1) where
∑r
s=1 is = i. Then[
(L′α/Tα)
∗
]
= [Tα] · L
n−i −
n−i−1∑
j=1
[
(L′j,α/Tj,α)
∗
]
− [Tα] ∈ K0(Vark).
We are now ready to prove the main theorem of this subsetion.
Theorem 4.15. With the same notation as above we have
[L∗] = Ln + a1L
n−1 + · · ·+ an−1L+ an
where
aj =
j∑
r=1
(−1)r
∑
(i1,...,ir):
i1+···+ir=j
is≥1
[Tir ,...,i1 ]
for j = 1, . . . , n.
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Proof. We evaluate [L∗] in n steps, using Lemma 4.14. In the rst step we write
[(L/k)∗] = Ln − [(L′1/T1)
∗]− · · · − [(L′n−1/Tn−1)
∗]− 1
so we get the ontribution Ln−1. We then evaluate the remaining terms, using lemma 4.14, so in step two
we get a sum onsisting of two parts. First,
[
(L′i2,i1/Ti2,i1)
∗
]
shows up with sign (−1)2, for 2 ≤ i2+i1 < n
(we always have is ≥ 1). This is the terms that we will take are of in step three. The seond part of the
sum ontributes to our formula. It onsists of the terms
(−1)2
(
−[Tj] · L
n−j + [Tj ]
)
1 ≤ j < n.
Continuing in this way we nd that in step r we get a sum onsisting of two parts. Firstly, every term of
the form
[
(L′ir,...,i1/Tir,...,i1)
∗
]
with oeient (−1)r, for
∑r
s=1 is < n. This part is taken are of in step
r + 1. And seondly we get a ontribution to our formula onsisting of
(−1)r
(
−[Tir−1,...,i1 ] · L
n−j + [Tir−1,...,i1 ]
)
r − 1 ≤ j < n
for every r − 1-tuple (ir−1, . . . , i1) suh that
∑r−1
s=1 is = j. This proess ends in step n.
Colleting terms we now see that if 1 ≤ j ≤ n− 1 then the oeient in front of Ln−j beomes
j+1∑
r=2
(−1)r+1
∑
(i1,...,ir−1):
i1+···+ir−1=j
is≥1
[Tir−1,...,i1 ].
This equals
(4.16)
j∑
r=1
(−1)r
∑
(i1,...,ir):
i1+···+ir=j
is≥1
[Tir ,...,i1 ].
A separate omputation, using that [Tn] = 1 and that if 1 ≤
∑r−1
s=1 is = j < n then Tn−j,ir−1,...,i1 =
Tir−1,...,i1 , shows that formula (4.16) holds also for the onstant oeient, when j = n. 
The formula expressed using the Burnside ring. The formula in the preeding seton is not suitable
for omputations. In this setion we make it, by omputing the objet in the Burnside ring that maps to
[Tα]. We begin with some notations.
Denition 4.17. Let G be a pronite group. Given a G-set S of ardinality n and a positive integer r.
Moreover, let (i1, . . . , ir) be an r-tuple of positive integers suh that i1 + · · · + ir ≤ n. Then Pir,...,i1(S)
is the G-set of r-tuples (Sr, . . . , S1) where Sj is a subset of S of ardinality ij and the Sj are pairwise
disjoint. In partiular Pi(S) has the same meaning as before (up to isomorphism).
Lemma 4.18. Let k be a eld and K a separable k-algebra of dimension t. Let L be a separable K-
algebra of rank n. Let G := Gal(ks/k) and let K and L orrespond to T respetively S as G-sets. Write
T = Homk(K, k
s) = {τ1, . . . , τt}. Let Sj be the inverse image of τj under the map S → T orresponding
to K → L. Then Ti(L/K) orresponds to the G-set
t⋃
j=1
Pi(Sj)
and L′i(L/K) orresponds to {
(f, U) ∈
t⋃
j=1
Sj × Pi(Sj) : f /∈ U
}
Proof. Suppose rst that K is a eld. Aording to (4.8), Ti(L/K) orresponds to Pi
(
HomK(L, k
s)
)
as
a Gal(ks/K)-set. Hene by Proposition 3.7 it orresponds to
G ×Gal(ks/K)Pi
(
HomK(L, k
s)
)
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as a G-set, with the G-ation given in that proposition. Sine we assumed that K is a eld we may write T
as {τ1|K , . . . , τt|K}, where τj ∈ G, and this in turn an be identied with a system of oset representatives
of G /Gal(ks/K). We hene want to show that we have an isomorphism of G-sets,
φ : T × Pi
(
HomK(L, k
s)
)
→
t⋃
j=1
Pi(Sj).
To onstrut this, dene φ as (τj |K , U) 7→ τjU . (Note that τj have to be xed for every j, if we replae
it with τ ′j suh that τj |K = τ
′
j |K we may get another φ.) First φ is well dened beause every element in
U xes K, so every element of τjU is in Sj , the inverse image of τj |K in S. Hene φ(τj |K , U) ∈ Pi(Sj).
It is also G-equivariant, beause if σ ∈ G is suh that στj = τlτ
′
, where τ ′ ∈ Gal(ks/K), then
φ
(
σ(τj |K , U)
)
= φ(τl, τ
′U) = τlτ
′U
and
σφ(τj |K , U) = σ(τjU) = στjU = τlτ
′U.
Next φ is injetive: If φ(τj |K , U) = φ(τl|K , U
′) then they both must be in Pi(Sj), so l = j. Hene
τjU = τjU
′
and sine τj is an isomorphism, U = U
′
. So φ is an injetive morphism between two G-sets
of ardinality t ·
(
n
i
)
, hene an isomorphism.
For the general ase when K is a separable k-algebra of dimension t, note that we an identify T with
⋃
v
Homk(Kv, k
s)
where K =
∏
vKv, by sending f ∈ Homk(Kv0 , k
s) to (αv) 7→ f(αv0) ∈ T . Denote the map S → T by π.
We have that Ti(L/K) =

∪v Ti(Lv/Kv). This orresponds to the G-set
⋃
v
⋃
τ∈Homk(Kv ,ks)
Pi(π
−1τ) =
⋃
τ∈T
Pi(π
−1τ) =
t⋃
j=1
Pi(Sj)
As for L′i(L/K), assume rst that K is a eld. As a Gal(k
s/K)-set, L′i(L/K) orresponds to
M := {(f, U) ∈ HomK(L, k
s)× Pi
(
HomK(L, k
s)
)
: f /∈ U},
hene it orresponds to T ×M as a G-set. Dene a map
T ×M →
{
(f, U) ∈
t⋃
j=1
Sj × Pi(Sj) : f /∈ U
}
by (
τj |K , (f, U)
)
7→ (τj ◦ f, τjU).
As above one shows that this is an isomorphism of G-sets. The ase when K is an arbitrary separable
k-algebra is handled in the same way as Ti. 
Proposition 4.19. Let α = (ir, . . . , i1) be an r-tuple of positive integers suh that i1+ · · ·+ ir = i where
1 ≤ i ≤ n. The algebra L′α/Tα in the ategory of k-algebras orresponds to the G-sets{(
s, (Sr, . . . , S1)
)
∈ S × Pα(S) : s /∈ ∪
r
t=1St
}
and Pα(S) together with the projetion morphism.
Proof. By onstrution the proposition holds for r = 1. Suppose the formula has been proved for r. We
have Tir+1,ir ,...,i1 = Tir+1(L
′
ir ,...,i1/Tir,...,i1). By the indution hypothesis and lemma 4.18 this orresponds
to ⋃
(Sr,...,S1)∈Pir,...,i1(S)
Pir+1
({(
s, (Sr, . . . , S1)
)
: s /∈ ∪rt=1St
})
whih is isomorphi to ⋃
(Sr ,...,S1)∈Pir,...,i1 (S)
{(
{s1, . . . , sir+1}, Sr, . . . , S1
)
: sit /∈ ∪
r
t=1St
}
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and this in turn is equal to Pir+1,ir ,...,i1(S).
And L′ir+1,ir ,...,i1 orresponds to the set of pairs (f, U) in⋃
(Sr,...,S1)∈Pir,...,i1(S)
{(
s, (Sr, . . . , S1)
)
: s /∈ ∪rt=1St
}
× Pir+1
({(
s, (Sr, . . . , S1)
)
: s /∈ ∪rt=1St
})
suh that f /∈ U . This set is isomorphi to⋃
(Sr,...,S1)∈Pir,...,i1(S)
{(
s, (Sr+1, Sr, . . . , S1)
)
∈ S × Pir+1,ir ,...,i1(S) : s /∈ ∪
r+1
t=1St
}
whih equals {(
s, (Sr+1, Sr, . . . , S1)
)
∈ S × Pir+1,...,i1(S) : s /∈ ∪
r+1
t=1St
}
. 
We are now ready to give our rst losed formula for [L∗]. It follows from Theorem 4.15 and Proposition
4.19.
Theorem 4.20. Let L be a k-algebra of dimension n and S a G-set suh that Artk
(
[S]
)
= [SpecL].
Dene
ρi(S) =
i∑
t=1
∑
(i1,...,it):
i1+···+it=i
is≥1
(−1)t[Pit,...,i1(S)] ∈ B(G).
Then
[L∗] = Ln + a1 · L
n−1 + · · ·+ an−1 · L+ an ∈ K0(Vark)
where ai = Artk(ρi(S)).
The universal nature of the formula. Fix a eld k with absolute Galois group G. Also, x a separable
k-algebra L of dimension n orresponding to the G-set S. Dene a homomorphism φ : G → Σn as the
omposition of G → Aut(S) with an isomorphism Aut(S) → Σn. Let res
Σn
G : B(Σn) → B(G) be the
restrition map with respet to φ. Then resΣnG is independent of the hosen isomorphism Aut(S) → Σn.
We have that
resΣnG
(
{1, . . . , n}
)
= [S] ∈ B(G).
Using the notation that P
(n)
α := Pα({1, . . . , n}) we also have res
Σn
G (Pα) = [Pα(S)]. Dene
(4.21) ρ
(n)
i =
i∑
t=1
∑
(i1,...,it):
i1+···+it=i
is≥1
(−1)t[P
(n)
it,...,i1
] ∈ B(Σn).
Then resΣnG (ρ
(n)
i ) = ρi(S). This disussion gives the following formulation of Theorem 4.20.
Theorem 4.22. Fix a positive integer n. The ρ
(n)
i ∈ B(Σn), dened in (4.21), are universal in the sense
that for every eld k with absolute Galois group G and every separable k-algebra of dimension n,
[L∗] = Ln + a1 · L
n−1 + · · ·+ an−1 · L+ an ∈ K0(Vark),
where ai = Artk ◦ res
Σn
G (ρ
(n)
i ).
We illustrate with an example.
Example 4.23. Let L/k = Fq4/Fq. Sine G is generated by the Frobenius map F we an identify S, the
G-set orresponding to L, with {1,F,F2,F3}. We have
P2(S) =
{
{1,F}, {F,F2}, {F2,F3}, {1,F3}
} 
∪
{
{1,F2}, {F,F3}
}
.
The rst of these sets is isomorphi to S. The seond is transitive of ardinality 2 so it orresponds to a
eld extension of k of degree 2, i.e., Fq2 . Reasoning in this way and using theorem 4.22 we nd that
[L∗] = L4 − [SpecFq4 ] · L
3 +
(
2[SpecFq4 ]− [SpecFq2 ]
)
· L2 − [SpecFq4 ] · L+ [SpecFq2 ]− 1.
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If instead L/k = Fq2 ×Fq2/Fq then S = {e1,F e1}

∪{e2,F e2} where e1 and e2 are the projetion maps.
We then get, for example,
P2(S) =
{
{e1,F e1}
} 
∪
{
{e2,F e2}
} 
∪
{
{e1, e2}, {F e1,F e2}
} 
∪
{
{e1,F e2}, {F e1, e2}
}
.
This kind of omputations gives that
(4.24) [L∗] = L4 − 2[SpecFq2 ] · L
3 +
(
4[SpecFq2 ]− 2
)
· L2 − 2[SpecFq2 ] · L+ 1.
Note however that sine L∗(R) = (Fq2 ⊗k R)
× × (Fq2 ⊗k R)
× = (F∗q2 ×k F
∗
q2)(R), Yoneda's lemma shows
that L∗ ≃ F∗q2 ×k F
∗
q2 , so (4.24) ould also have been obtained by squaring the expression for [F
∗
q2 ] given
in Example 4.6.
5. The lass of the torus in terms of the λ-operations
In [R

07a℄ we study the λ-struture on B(Σn). The main result is that there is a formula for λ
i
namely
that, given n, for i = 1, . . . , n we have
(5.1) λi
(
{1, . . . , n}
)
= (−1)i
i∑
t=1
∑
(i1,...,it):
i1+···+it=i
is≥1
(−1)t
[
P
(n)
it,...,i1
]
∈ B(Σn).
From this and Theorem 4.20 the following theorem is immediate.
Theorem 5.2. Let ρ
(n)
i be the elements dened in Theorem 4.22, i.e., the elements in B(Σn) desribing
[L∗] ∈ K0(Vark) for every separable, n-dimensional algebra k → L. Then
ρ
(n)
i = (−1)
i · λi
(
{1, . . . , n}
)
∈ B(Σn).
As a orollary, (1.1) follows:
Proof of (1.1). Let L orrespond to the G-set S. From Theorem 4.22 we know that the oeient in
front of Ln−i is Artk ◦ res
Σn
G (ρ
(n)
i ) and by theorem 5.2 this equals Artk
(
(−1)i · λi(S)). Sine Artk is a
λ-morphism that maps [S] to [SpecL] the result follows. 
We now give an alternative proof of the equality ρ
(n)
i = (−1)
iλi
(
{1, . . . , n}
)
∈ B(Σn). This proof is
based on point ounting over nite elds. We onsider it motivated to inlude sine one purpose of this
artile is to give examples of dierent omputation tehniques in K0(Vark).
This proof do not use the universal formula (5.1) from [R

07a℄. We do however need the following results
proved in [R

07a℄: Write Pµ for the Σn-set Pµ
(
{1, . . . , n}
)
. We dene the Shur subring Schurn ⊂ B(Σn)
to be the subgroup generated by {[Pµ]}µ⊢n. (Here µ ⊢ n means that µ is a partition of n.) This is losed
under multipliation, hene really a ring. It is not a λ-ring sine it is not losed under the λ-operations.
However, λi({1, . . . , n}) ∈ Schurn for every i. Moreover the restrition of h: B(Σn)→ RQ(Σn) to Schurn
is injetive.
Also, we do not need to know the expliit desription of the universal elements ρ
(n)
i given in Theorem
4.22. We do however need their existene and that they lie in Schurn, and one that is proved it is not
suh a long step to desribe the elements. If we instead use Theorem 4.22 the below proof of Theorem
5.2 gives a (very ad ho) proof of (5.1).
The setting for the proof is as follows. Let L be a separable Fq-algebra of dimension n, orresponding
to the G := Gal
(
Fq/Fq
)
-set S. Choose an isomorphism Aut(S)→ Σn and ompose it with the homomor-
phism G → Aut(S) to get a homomorphism φ : G → Σn. Let F be the topologial generator of G and
dene σ := φ(F) ∈ Σn. Let res
Σn
G denote the restrition maps with respet to φ for Burnside as well as
representation rings.
Reall that we use Cσ and CF for the harater homomorphisms with respet to σ and F respetively.
One sees that Cσ = CF ◦ res
Σn
G . The orresponding map on the Grothendiek ring of varieties is the point
16 KARL RÖKAEUS
ounting homomorphism Cq dened by X 7→ |X(Fq)|, and by (3.4) we have CF ◦ h = Cq ◦ArtFq . So with
this notation the following diagram is ommutative:
(5.3) B(Σn)
resΣn
G
//
h

B(G)
h

ArtFq
%%K
KK
KK
KK
KK
K
RQ(Σn)
resΣn
G
//
Cσ
%%J
JJ
JJ
JJ
JJ
J
RQ(G)
CF

K0(VarFq )
Cq
yyrr
rr
rr
rr
rr
r
Z
Using this we are now ready to give the alternative proof.
Proof of Theorem 5.2. Fix a positive integer n. We write ℓi := λ
i({1, . . . , n}) and we want to prove that
ρi = (−1)
iℓi ∈ B(Σn). Sine they both lie in Schurn it sues to show that if R is a set of representatives
of the onjugay lasses of Σn then for every σ ∈ R,
Cσ h(ρi) = (−1)
iCσ h(ℓi) ∈ Z.
(Sine h is injetive on Schurn and
∏
σ∈R Cσ is injetive.) We do this simultaneously for i = 0, . . . , n by
showing that
(5.4)
n∑
i=0
Cσ h(ρi)X
n−i =
n∑
i=0
(−1)iCσ h(ℓi)X
n−i ∈ Z[X ]
for every σ ∈ R.
From now on, x σ ∈ R. Let q be an arbitrary prime power, let k = Fq and let G := Gal(k/k). Choose
a G-set S and an isomorphism φ : Aut(S) → Σn suh that F 7→ σ, where F is the topologial generator
of G, the Frobenius automorphism. (Equivalently, let S =

∪1≤j≤m Tj suh that Tj is a transitive G-set
of ardinality nj , where σ has yle-type (n1, . . . , nm). Suh an S always exists for by Galois theory it
omes from L =
∏m
j=1Kj where Kj is a degree nj eld extension of k, i.e., Kj = Fqnj .) Construt res
Σn
G
with respet to φ. In what follows we write ℓi(S) and ρi(S) for res
Σn
G (ℓi) and res
Σn
G (ρi) respetively.
We begin by omputing the right hand side of (5.4) in terms of (n1, . . . , nm). Let f be an endomorphism
of the vetor spae V of dimension n. From linear algebra we know the following expression for the
harateristi polynomial of f :
det(X · En − f) =
n∑
i=0
(−1)iTr(
∧i
f)Xn−i.
Putting f = F gives
(5.5) det(X ·En − F) =
n∑
i=0
(−1)iχVi Q[S](F)X
n−i.
Sine h(ℓi(S)) =
[∧iQ[S]] ∈ RQ(G) we have that CF h(ℓi(S)) = χVi Q[S](F), hene, by the ommutativity
of (5.3), the right hand side of (5.5) equals
n∑
i=0
(−1)iCσ h(ℓi)X
n−i.
As for the left hand side of (5.5), sine S is a union of transitive G-sets Tj we have Q[S] = ⊕mj=1Q[Tj]
where Q[Tj] is irreduible, hene the matrix for F is of the form
M1 0
M2
.
.
.
0 Mm

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whereMj is a transitive nj×nj permutation matrix. Sine the harateristi polynomial of suh a matrix
is Xnj − 1 it follows that det(XEn − F ) =
∏m
j=1 det(XEnj −Mj) =
∏m
j=1(X
nj − 1). From (5.5) we
therefore get
(5.6)
m∏
j=1
(Xnj − 1) =
n∑
i=0
(−1)iCσ h(ℓi)X
n−i.
We next ompute the left hand side of (5.4). By the denition of the ρi we have
[L∗] =
n∑
i=0
Art
(
ρi(S)
)
Ln−i ∈ K0(Vark).
Applying Cq to this gives
(5.7) |L∗(k)| =
n∑
i=0
Cq Art(ρi(S)) · q
n−i.
By the ommutativity of (5.3), Cq Art(ρi(S)) = Cσ h(ρi), so the right hand side of (5.7) equals
n∑
i=0
Cσ h(ρi)q
n−i.
On the other hand, sine we saw that L =
∏m
j=1 Fqnj we have L
∗(k) = L× =
∏m
j=1 F
×
qnj
so |L∗(k)| =∏m
j=1(q
nj − 1). Hene (5.7) says that
m∏
j=1
(qnj − 1) =
n∑
i=0
Cσ h(ρi)q
n−i.
Sine q is an arbitrary prime power it follows that
(5.8)
m∏
j=1
(Xnj − 1) =
n∑
i=0
Cσ h(ρi)X
n−i.
Comparing (5.6) to (5.8) now gives (5.4). 
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